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We present ﬁrst results for the 2 → 4 single-parton scattering gg → cc¯cc¯ subprocess for the ﬁrst time 
fully within the kt-factorization approach. In this calculation we have used the Kimber–Martin–Ryskin 
unintegrated gluon distribution which effectively includes some class of higher-order gluon emissions, 
and an off-shell matrix element squared calculated using recently developed techniques. The results are 
compared with our earlier result obtained within the collinear-factorization approach. Only slightly larger 
cross sections are obtained than in the case of the collinear approach. Inclusion of transverse momenta 
of gluons entering the hard process leads to a much stronger azimuthal decorrelation between cc and 
c¯c¯ than in the collinear-factorization approach. A comparison to predictions of double parton scattering 
(DPS) results and the LHCb data strongly suggests that the assumption of two fully independent DPS 
(gg → cc¯ ⊗ gg → cc¯) may be too approximate.
© 2015 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
At high energy, gluon–gluon fusion becomes the dominant 
mechanism of heavy cc¯ or bb¯ pair production. The cross section 
for single pair production can be calculated either in collinear 
next-to-leading order approach or the kt -factorization approach. 
The Q Q¯ and Higgs production are golden reactions for applica-
tions of the kt -factorization approach [1–14]. In the kt -factorization 
approach the basic ingredients are so-called unintegrated gluon 
distribution functions (UGDFs) and off-shell matrix elements. Dif-
ferent models of UGDFs have been proposed in the literature. The 
Kimber–Martin–Ryskin (KMR) [15] UGDF is believed to include 
the dominant higher-order corrections. The off-shell matrix ele-
ments for gg → Q Q¯ were calculated already long ago [1–3]. The 
kt -factorization formalism was applied recently in the context of 
experimental data measured at the LHC [16–20] and a relatively 
good description was obtained when using the KMR UGDF.
In the case of the Higgs boson production both 2 → 1 and 
2 → 2 subprocess have to be taken into account [14]. In Ref. [21]
a 2 → 3 gg → cc¯γ subprocess was taken into account when 
calculating cross sections for pp → cc¯γ X reaction. Recently the 
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Zbb¯ [23] production.
A convenient formalism for the automation of the calculation of 
tree-level scattering amplitudes with off-shell gluons for arbitrary 
processes was recently introduced in Ref. [24]. Off-shell gluons are 
replaced by eikonal quark–antiquark pairs, and the amplitude can 
be calculated with the help of standard local Feynman rules, in-
cluding the eikonal gluon–quark–antiquark vertex and the eikonal 
quark–antiquark propagator. The well-known successful recursive 
methods to calculate tree-level amplitudes can directly be applied, 
including the “on-shell” recursion, or Britto–Cachazo–Feng–Witten 
recursion, as shown in Ref. [25]. The heuristic introduction of the 
formalism in Ref. [24] has been given solid ground in Ref. [26]. 
Most of the effort was devoted to dijet production [27,28] so far.
The pp → cc¯cc¯ X reaction is interesting by itself. It was shown 
by us recently that this reaction is a golden reaction to study 
double-parton scattering (DPS) processes [29,30]. The LHCb col-
laboration conﬁrmed the theoretical predictions and obtained a 
large cross section for production of two mesons, both contain-
ing c quarks or both containing c¯ antiquarks [31]. The single-
parton scattering (SPS) contribution was discussed in Refs. [32]
and [33]. In the ﬁrst case [32] a high-energy approximation was 
used neglecting some unimportant at high energies Feynman dia-
grams. Last year we have calculated the lowest-order SPS cross sec-
tion(s) including a complete set of Feynman diagrams [33] in the  BY license (http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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state production via single-parton scattering within kt -factorization approach.
collinear-factorization approach. The ﬁnal result was only slightly 
different than that obtained in the high-energy approximation.
In the present letter we wish to go one step further and try to 
calculate the SPS cross sections for the pp → cc¯cc¯ X reaction con-
sistently in the kt -factorization approach. Doing so we may hope 
that a sizeable part of higher-order corrections will be included. 
On the technical side this will be a ﬁrst calculation within the 
kt -factorization approach based on a 2 → 4 subprocesses with two 
off-shell initial-state partons (gluons). The result is also important 
in the context of studying DPS as the considered SPS mechanism 
constitutes an irreducible background, and its estimation is there-
fore of prior importance if deeper conclusions concerning DPS can 
be drawn from measurements at the LHC.
2. Formalism
Within the kt -factorization approach the SPS cross section for 
pp → cc¯cc¯ X reaction, sketched in Fig. 1, can be written as
dσpp→cc¯cc¯ =
∫
dx1
d2k1t
π
dx2
d2k2t
π
F(x1,k21t,μ2)
×F(x2,k22t,μ2)dσˆgg→cc¯cc¯ . (2.1)
In the formula above F(x, k2t , μ2) are unintegrated gluon distribu-
tions that depend on longitudinal momentum fraction x, transverse 
momentum squared k2t of the gluons entering the hard process, 
and in general also on a (factorization) scale of the hard process 
μ2. The elementary cross section in Eq. (2.1) can be written some-
what formally as:
dσˆ = d
3p1
2E1(2π)3
d3p2
2E2(2π)3
d3p3
2E3(2π)3
d3p4
2E4(2π)3
× (2π)4δ4(p1 + p2 + p3 + p4 − k1 − k2)
× 1
ﬂux
|Mg∗g∗→cc¯cc¯(k1,k2)|2 , (2.2)
where only dependence of the matrix element on four-vectors of 
gluons k1 and k2 is made explicit. In general all four-momenta as-
sociated with partonic legs enter. The matrix element takes into 
account that both gluons entering the hard process are off-shell 
with virtualities k21 = −k21t and k22 = −k22t . The matrix element 
squared is rather complicated and explicit formula will be not 
given here.
As mentioned in the introduction, the scattering amplitudes 
with off-shell initial state gluons are constructed using the for-
malism of Ref. [24], in which off-shell gluons are represented by 
eikonal quark–antiquark pairs (see Fig. 2) in order to arrive at 
gauge invariant amplitudes. Fig. 3 gives an idea of what kind of graphs are included. The Feynman rules related to the eikonal 
quark–antiquark–gluon vertex and eikonal propagator are
= −ipμA T bi, j , =
i
pA ·K , (2.3)
where pA is the longitudinal momentum associated with the off-
shell gluon. The external eikonal quark–antiquark pairs carry fun-
damental color indices, say i, j. It was noted in Ref. [34] that the 
amplitude is traceless with respect to these indices, so an adjoint 
color index can be assigned to the off-shell gluon by contracting 
the amplitude with 
√
2T ai j . The squared amplitude summed over 
colors gives the same result. Denoting by Ma the amplitude with 
the color of one off-shell gluon highlighted explicitly we have
∑
a
∣∣Ma∣∣2 =∑
a
∣∣∣∣∣∣
√
2
∑
i, j
Mi j T ai j
∣∣∣∣∣∣
2
=
∑
i, j,k,l
Mi jM∗kl
(
δikδl j − 1Nc δi jδkl
)
=
∑
i, j
∣∣Mi j∣∣2 .
(2.4)
The ﬁrst term on the right hand side of Fig. 3 contains the “actual 
off-shell gluons” as virtual gluons, representing complete propaga-
tors. This term would diverge if k21t → 0 and/or k22t → 0, so the 
whole amplitude has to be multiplied with 
√
k21tk
2
2t to reproduce 
correct collinear limit.
The calculation has been performed with the help of A Very 
Handy LIBrary [34]. In this Fortran library, scattering amplitudes 
are calculated numerically as a function of the external four-
momenta via Dyson–Schwinger recursion [35]. It is a recursion of 
off-shell currents, which automatically factorizes the calculation of 
the sum of all Feynman graphs such that the multiplications rep-
resented by vertices are executed only once for each vertex, while 
such vertex may occur in several graphs, for identical kinematics. 
This recursion is sketched in Fig. 4 and Fig. 5. The auxiliary eikonal 
quarks and antiquarks are treated as external particles, so even-
tually an eight-point amplitudes are calculated. AVHLIB allows for 
various choices of the representation of the external helicities and 
colors. These include both the color-ordered representation [36,37], 
with exact summation over color, and the color-dressed represen-
tation [38,39], with Monte Carlo summation for large multiplicities. 
Helicity conﬁgurations can be summed exactly, or, again for large 
multiplicities, treated in a Monte Carlo approach, both discrete and 
with continuous random polarizations [40]. The library includes a 
full Monte Carlo program with an adaptive phase space genera-
tor [41,42] that deals with the integration variables related to both 
the initial-state momenta and the ﬁnal-state momenta.
The program can also conveniently generate a ﬁle of un-
weighted events, which approach was used for the analysis pre-
sented in this paper. In the present calculation we use: μ2f =
(
∑4
i mi,t)
2 as the factorization scale and mc = 1.5 GeV in both 
kt -factorization and in the reference collinear-factorization calcula-
tions. Uncertainties related to the choice of the parameters were 
discussed e.g. in Ref. [33] and will be not considered here. Here we 
wish to concentrate on the relative effect and modiﬁcations with 
respect to the results of the collinear-factorization calculations pre-
sented already in the literature [32,33].
In the present analysis the calculation has been done in 
the kt -factorization. The kt -factorization effectively includes some 
higher-order effects related to extra emissions of gluons (even hard 
for the selected Kimber–Martin–Ryskin UGDF). In addition it takes 
A. van Hameren et al. / Physics Letters B 748 (2015) 167–172 169Fig. 2. Momenta of the off-shell gluons, represented as double lines on the left hand side, and the eikonal quark–antiquark pairs. The amplitude is independent of a 
simultaneous momentum shift k1bgn + q, k1end + q as long as pA ·q = 0. The same holds for the other eikonal line with pB .
Fig. 3. Some terms in the expansion of the amplitude in terms of the eikonal propagators. The eikonal quarks are denoted by lines without arrows. The double lines on 
the left hand side represent the off-shell gluons. This expansion does not represent the organization of the calculation, and only gives an impression of which graphs are 
included.
Fig. 4. Dyson–Schwinger recursion for off-shell currents. The thick lines represent off-shell (virtual) particles and the thin lines represent on-shell external particles. The sum 
is over all partitions of these external particles over the different blobs and all ﬂavors for the virtual particles that are allowed according to the Feynman rules.
Fig. 5. An explicit example of one Dyson–Schwinger recursive step for a certain off-shell current.into account the fact that the gluons entering the hard process 
are off-shell. In this sense the calculation within kt -factorization 
should be better than the one in the leading-order collinear ap-
proach. Numerically, the so-calculated effect of the higher-order 
corrections turned out to be in general rather small, except of 
some parts of the phase space (large transverse momenta of 
quarks). It would be valuable in the future to calculate higher-
order effects also in the collinear approach. The kt -factorization 
approach is known to give reasonable results for different correla-
tion observables.
3. First results
In this section we wish to compare the new results of the 
kt -factorization approach to those obtained by us in Ref. [33] in 
the collinear-factorization approach.
In Fig. 6 we show standard single particle distributions in 
charm quark/antiquark transverse momentum (left panel) and its 
rapidity (right panel). We predict an enhancement of the cross 
section at large transverse momenta of c or c¯ compared to the collinear-factorization approach. The rapidity distributions in both 
approaches are rather similar (see the left panel of the ﬁgure).
Distributions in rapidity of the cc (or c¯c¯) and cc¯, deﬁned as 
Ycc = (yc + yc)/2 and Ycc¯ = (yc + yc¯)/2 respectively, are shown 
in Fig. 7. The distributions are much narrower than those for sin-
gle quark/antiquark which reﬂects the fact that the two different 
c quarks (or two different c¯ antiquarks) have typically different 
rapidities. The discussed distributions in yc and Ycc would be iden-
tical only if yc,1 = yc,2 (strong rapidity correlations). This will be-
come clearer when inspecting rapidity difference in the next plots.
Similar distributions but for rapidity distance between two c
quarks (or two c¯ antiquarks) and between c and c¯ are shown in 
Fig. 8. On average the distance between c and c is larger than 
that for c and c¯. This can be understood easily in the high-energy 
approximation discussed in Ref. [32] by inspecting the contribut-
ing diagrams. Some enhancement at small rapidity separations 
can be observed in the kt -factorization approach compared to the 
collinear approach.
The distributions in rapidity distance are strongly correlated 
with Mcc or Mcc¯ distributions shown in Fig. 9. Those distributions
170 A. van Hameren et al. / Physics Letters B 748 (2015) 167–172Fig. 6. Distributions in c quark (c¯ antiquark) transverse momentum (left panel) and rapidity (right panel). The kt -factorization result (solid line) is compared with the 
collinear-factorization result (dashed line).
Fig. 7. Distributions in rapidity Ycc = (yc + yc)/2 (left panel) and Ycc¯ = (yc + yc¯)/2 (right panel). The meaning of the curves is the same as in Fig. 6.
Fig. 8. Distributions in the difference of rapidities Ycc = yc − yc (left panel) and Ycc¯ = yc − yc¯ (right panel). The meaning of the curves is the same as in Fig. 6.
Fig. 9. Invariant mass distributions in Mcc (left panel) and Mcc¯ (right panel). The meaning of the curves is the same as in Fig. 6.
A. van Hameren et al. / Physics Letters B 748 (2015) 167–172 171Fig. 10. Azimuthal angle correlations between two c quarks (left panel) and between c and c¯ (right panel). The meaning of the curves is the same as in Fig. 6.Fig. 11. Two-dimensional distribution in transverse momenta of initial gluons in the 
pp → cc¯cc¯ SPS process at √s = 7 TeV.
are, however, diﬃcult to measure as rather mesons are measured 
and not quarks or antiquarks.
Quite interesting are azimuthal angle correlations between c
and c or c and c¯. The corresponding distributions are shown in 
Fig. 10. We note much bigger decorrelation of two c quarks or c
and c¯ in the kt -factorization approach compared to the collinear 
approach. This is due to explicit account of gluon virtualities 
(transverse momenta). We will return to this point when dis-
cussing azimuthal correlations between mesons at the end of this 
section.
Next we wish to visualize the regions of the transverse mo-
menta of initial gluons that give sizeable contribution to the SPS 
pp → cc¯cc¯ X cross section. In Fig. 11 we show a two-dimensional 
distribution in initial-gluon transverse momenta. The dependence 
on k1t and k2t shown in the ﬁgure is determined by the UGDF 
used in the calculation as well as by the dependence of the matrix 
element on k1t and k2t . Other models of unintegrated gluon dis-
tributions would give different dependencies. Clearly we get large 
contributions from the regions far from the collinear case (k1t = 0
and k2t = 0). This has of course consequences for other observables 
discussed above through the dependence of the matrix element on 
the gluon transverse momenta |M(k1t,k2t)|2 and its correlation 
with other kinematical variables.
We will not discuss in the present letter the correlations be-
tween the gluon virtualities (or their transverse momenta) and 
other kinematical variables related to the charm quarks and an-
tiquarks.
So far we have considered production of cc¯cc¯ quarks/antiquarks. 
As discussed in our previous paper [33] such ﬁnal states may lead 
to the production of two D mesons, both containing c quarks or 
both containing c¯ antiquarks which is not possible e.g. for the 
cc¯ ﬁnal-state case. In the following we have included also c → D
hadronization effects, which are important for the LHCb acceptance in meson transverse momentum. Details how the hadronization of 
heavy quarks is done within the fragmentation function technique 
were explained e.g. in Ref. [18]. Here we have used the Peterson 
fragmentation function with εc = 0.02. As explained in Ref. [33]
the DPS gives cross sections very similar to those measured by 
the LHCb collaboration [31]. How important is the SPS contribu-
tion discussed in this paper, calculated here in the kt -factorization, 
is shown in Fig. 12. For comparison we show also SPS results calcu-
lated in collinear-factorization approach [33]. The two approaches 
give somewhat different shapes of correlation observables, in spite
that the integrated cross sections are rather similar as discussed 
already at the parton level. Our results, so far the most advanced 
in the literature as for as the SPS contribution is considered, are 
not able to explain discrepancy between DPS contribution and the 
LHCb experimental data. If the discrepancies are due to simpliﬁca-
tions in the treatment of DPS requires further studies including for 
example spin and ﬂavor correlations. Some works in this direction 
already started [43].
4. Conclusions
In the present paper we have made a ﬁrst calculation of the 
cross section for pp → cc¯cc¯ X in the kt -factorization approach, i.e. 
focusing on single parton scattering process. This is a ﬁrst 2 → 4
process for which kt -factorization is applied. In this calculation we 
have used the Kimber–Martin–Ryskin unintegrated gluon distribu-
tion(s) which effectively takes into account the dominant higher-
order corrections. The off-shell matrix element was calculated us-
ing a new technique developed recently in Kraków.
The results of the kt -factorization approach were compared 
with the results of the collinear-factorization approach. In general, 
the kt-factorization results are only slightly bigger than those for 
collinear approach. An exception is the transverse momentum dis-
tribution above 10 GeV where a sizeable enhancement has been 
observed. Inclusion of gluon virtualities leads to a decorrelation in 
azimuthal angle between c and c or c and c¯.
Since the cross section is in general very similar as for the 
collinear-factorization approach we conclude that the cc¯cc¯ ﬁnal 
state at the LHC energies is dominantly produced by the double 
parton scattering as discussed in our recent papers, and the SPS 
contribution, although interesting by itself, is rather small. A com-
parison to predictions of double-parton scattering results and re-
cent LHCb data for azimuthal angle correlations between D0 and 
D0 or D¯0 and D¯0 mesons strongly suggests that the assumption 
of two fully independent DPS (gg → cc¯ ⊗ gg → cc¯) may be too 
approximate or even not valid. Some possible reasons were dis-
cussed in Ref. [43]. The effect found there is, however, too small 
to explain a rather large effect observed by the LHCb collaboration. 
This remains a challenge for future theoretical studies and should 
be conﬁrmed by the LHCb collaboration at 
√
s = 13, 14 TeV.
172 A. van Hameren et al. / Physics Letters B 748 (2015) 167–172Fig. 12. Distributions in D0D0 invariant mass (left) and in azimuthal angle between both D0’s (right) within the LHCb acceptance. The DPS contribution (dashed line) 
is compared with the SPS one calculated within the kt-factorization approach (dashed-dotted line). The SPS result from our previous studies [33], calculated in the LO 
collinear-factorization approach, is also shown here (dotted line).Acknowledgements
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